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Lemma

@ Let K be a p—adic field with normalized valuation
vg: K* — Z.

@ Let E/Kbe an elliptic curve with vg(j(E)) < 0.

e Take a prime ¢ ¢ {2,p } such that and ¢ { vk (j(E)).

@ There exist ¢ in the inertia subgroup Ix of Gk and a basis
(P1, Py) of E[{] such that

(g P5) = (P Po) ((1) 1)



e Since j(E) ¢ Ok, we have a Gg—equivariant isomorphism

E(K)

I
=

/g%

for some q € K* with vg(gq) > 0.

@ In particular, E[/] corresponds to
oo (g for0<ij<d,

where

» [y is a fixed primitive /-th root of 1 and
» 4'/%is a fixed /~th root of g.



Proof

e The condition ¢ { vk (j(E)) is preserved under finite
extensions L/K with £ { [L : K] because

vr|g = e(L/K)vk.

e Up to replacing K with a quadratic extension of K, we may
assume that E = E; over K.

e Up to replacing K with K({y), we may assume that {; € K.



@ Recall that vg(g) > 0 and
j(E) = j(Eq) = % + 744 +196884g9 + - - -.

@ Therefore, vk (j(E)) = vK(%) = —ok(q).

@ Now ¢ { vk(q), whence K(q'/*) /K is totally ramified of
degree /.



@ Choose 7 € Gy g1/t /g such that

(ql/ﬁ)‘7 — ge . ql/f.

@ Since K (ql/ 4) /K is totally ramified, there exists a lift o € Gk
such that 0|y = idgur. Thatis, o € I.

@ By construction,

¢g=¢ and (V97 =g -q"" O



@ Let K be a number field.
@ Let E/K be an elliptic curve with j(E) ¢ Ok.

@ Then End(E) = Z.



Proof (Serre)

@ Let ¢ € End(E). We want to prove that ¢ € Z.
@ Up to replacing K with a finite extension, we may assume
that ¢ € Endg(E).
@ Recall:
(X—9)(X— ) = X> — 71X+,
where
» 5=y = deg(¢p) € Z and
> T =1+ =1+deg(p) —deg(l—y) € Z.

o Key idea: we want T = 2.



@ Pick a prime p of Ok such that v, (j(E)) < 0.

@ Fix an embedding

and identify Gk, with the corresponding decomposition
subgroup of Gg.



Proof (Serre)

e We write E/K, for the base change of E/K under K < K,
(abuse of notation).

e For every large enough prime number ¢, the lemma yields
0y € Gk such that, under p;: Gk — End(T,(E)),

11
po(oy) = (O 1) mod ¢

in terms of an appropriate basis (Py, Q;) of Ty(E).
e Note: 0y € I, € Gk, C Gk and E[(] C E(K) C E(K,).



@ Let ¢y be the image of ¥ under Endg(E) < Endg(T/(E)).
@ In terms of the basis (P, Qy),

Py = (a Z) for somea,b,c,d € Z,.
c

@ Recall: § = det(yy) and T = tr(¢y).



@ As 1y is defined over K, iy and p;(0y) commute:

02906 ) e

@ A straight-forward calculation shows that

» c=0 mod ¢ and
» 0=d mod /.

@ In particular, T =a+d =22 =2d mod /.



@ Therefore,

T2 = T 0\ (22 2b 0 —2b mod
0t 2c 2d 0 O

deg(t —2¢) = det(t —2¢y) =0 mod /.

and so

@ But this congruence holds for infinitely many primes ¢, so

deg(t —2y) = 0.



@ Allin all,

T 1
_Teclz oo
p=5€52cQ

@ But End(E) is either Z or an order in a quadratic imaginary
field (as char(K) = 0).
@ Thus, ¥ must be integral over Z.

@ This can happen only if € Z. O
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